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LETTER TO THE EDITOR

Non-commutative analysis, quantum group gauge
transformations and gauge fields

Zai-Zhe Zhong

Department of Physics, Liaoning Normal University, Dalian 116022, Liaoning,
People’s Republic of China

Rg.oeived 10 December 1992, in final form 2 February 1993

Abstract. In this letter a non-commutative analytic method is given, we discuss what is a
g-sequence, a g-analytic function, a g-derivative, a g-differential equation and its solution,
etc, respectively. By using these terms the vector fields and the local quantum group GL,(2}
gauge transformation on a quantum plane can be described. From the covariance require-
ment under the gauge transformations we obtain the g-covariant derivatives and the GL,(2)
gauge field which is a2 quantum analogue of the GL(2) gauge field. The solutions of the
GL,(2) gauge field equation are discussed, and the explicit form of the null gauge field
solution is given.

In the quantum group theory, it is an interesting open problem to ask if there is a
guantum analogue of gauge field theory [1]. In this respect there have been some
approaches, e.g. [2-4]. However there are still some difficulties. It seems to us the crux
of the problem is that even though the algebraic generators are calied ‘coordinates’,
the quantum groups are, in fact, pure algebraic structures, and the quantum differential
calculus on a quantum hyperplane is a covariant algebraic system under the linear
transformations of the quantum hyperplane where there are no movable coordinates,
as the real or complex coordinates, as in the classical analysis, etc. Therefore, as yet
we are short of a concept of ‘localization’, unless other real or complex coordinates
are introduced into the coefficients of algebraic elements [2-4], however they already
are not the coordinates of the guantum hyperplane, and will lead to other difficulties.
Therefore it is hard to consider the ‘fields’, the ‘local gauge symmetry’ and the ‘field
equations’, etc, on a quantum hyperplane. We deem that the key to construct a quantum
group gauge theory is just to surmount the above difficulties, and a gauge fizld theory
describing non-commutative fields can be given. In this letter we suggest just such a
theory.

. The letter is organized as follows. Firstly we discuss a non-commutative analytic
method which is already different from the original non-commutative geometry [1],
each generator, indeed, plays a role as a movable coordinate as in analysis. Next, by
the terms of non-commutative analysis we can discuss the vector fields on a quantum
plane, the local gauge transformations, the local Lie algebra, etc. From the gauge
symmetry requirement the g-covariant derivatives and the quantum group gauge fields
are given. In the last case, a simple case, i.e. the ‘pure gauge, or flat’ solution is given.

For the sake of simplicity and clarity, in this leiter the deformation parameter ¢
takes only the real number values, and we only discuss the case of the two-dimensional
quantum group GL,(2). However all results concerned can be extended to the case
of the complex multiparameter and higher-dimensional quantum groups.
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What is a g-sequence? A g-sequence S? is defined as a Bnite or infinite countable
set 89={8y, 515+ 5us...}, where s,{@=0,1,...) are form elements. Among the
¢lements of S? there are the addition s, + sz and the multiplication s,sg, its associative,
however, is not commutative in general. By the generators s5,’s an infinite algebraic
system &7 on the real field R' is generated. Of course, the multiplication of two
elements in &7, generally, is also non-commutative. We require that the commutation
relation must depend on the parameter g, and when g-1 the multiplication must
change into commutative. Since the multiplication of §¢ changes into commutative as
g1, we can agree that now this S will be identified with some real number set
A={Ao, A1, Az, ..., A, ...}, and we read it in §7> A as g~ 1. In this letter we find
that to determine a quantum group gauge field structure, in fact, is to determine the
concrete structure of some g-sequence S7 and its limit A as g 1.

According to the symbols of Manin [1], the quantum plane Ai"’ is an associative
algebra, its generators are x and y,

Xy = gyx. (1)

The quantum plane AJ” is generated by £ and 7,
1

fn=—_nt g=n"=0. (2)

A matrix
a b
To= GL,(2
w=(¢ )eon ®

means that the following commutation relations hold,

ab = gba ac=gea

be=cb bd = gdb (4)

cd = gdc ad—da=(g—q ")be

where a, b, ¢ and d commute with x, y, £ and 5. Therefore T, represents a linear
transformation of AZ° and A2?,

x x a b o A
()*(3 [c d]() Al
£ > .
) (€ 7)€ AY™.
Now, we consider what is a q-analync function on A2°. Suppose that f({,, {2} is

a real analytic function of real variables £, and {, in common meaning. Therefore f
can be developed into a power series

(5)

F=Ausx™y? A,z € R is constant. (6)

Here, and in the following, we use the Einstein summation convention, i.e. the repeated
Greek indices are summed over the values 0,1, 2,...; and the repeated Latin indices
are summed over the values 1,2. Let §7 be the q sequence §1={x, y; 5,5} (&, B =
0,1,2,...; x, y€ A2 where 5,5’s obey the following commutation relations

G 5525808 = 45,5508 SapX = XSap Sa8Y = VSap (7)
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We consider the element f9(x, y) in &9,

o063} = Sapx"Y". (8)
According to the above arrangement, S? must change into a real number set as g > 1.
If this set is just the set A ={A,p}, 1.e. S,z > Aas, then it is called a g-apalytic function
on the quantum plane Af,'c', or a g deformation of the real analytic function f, and we
read f*—f as g—» 1. As for the meaning of the commutation relations (7), it is to
guarantee the consistency of the definition of £ In fact, from the relation

v, B+5

x%yP x7y® = gy 9)
we have

(52pxyP W(sy5x7y°) = £ [ = (8,6%"Y" ) (50p%"y*). (10)
In the following, to determine a g-analytic function f% means that some concrete
algebraic structures of S* are given unless (7) and the limit, real analytic function f,
are fixed. At present, temporarily, we don’t discuss the function f79(§ »). It, in fact,
has only four non-zero terms: (& 1) = sgo+ 8108 + 5o 7 + 51, &n, and has no real limit
as g 1. In the following discussion, each g-analytic function f¥ is just f9(x, ¥), and
sometimes it is simply written as f. Notice that a real analytic function f can have the
distinct g deformations, since in a2 §7 there may be some distinct additional algebraic
structures.

Similar to [5-7], the g-derivatives of a g-analytic function f can be defined as

0.(x y) = L1 qzyz) —f(x, 4°y)

X g -1 (1)
1 f(x @ y) = f(x y)
3,{(x, ¥) =7 e .
Therefore
3:(x°y?) = g*P[a]x"""y" a,(x°yP) =[BIx=yP! (12)

where the g-integer [a]=(g"* —1)/(¢"—1). When g1, then 3, and 3, change into
the ordinary partial derivatives. On the quantum plane Aﬁ’” there is the invariant
differential structure [5-7] as follows. Let £{=dx, n=dy and d=dxa,+dyd,, then
there are the following relations

d(fg)}=(df)g+fdg d*=0
Xy = qyx xdx=gq*dxx xdy=(g-1)dxy+qgdyx (13)
ydx=gdxy ydy=q"dyy.

In the following we simply write x'=x, x*=y, §, =3, and 8,=4,. For & the Lebnitz
rule is [5]

3:(f8)=(a.f)g+(0if)a.g i=1,2 (14)
where Of is the operator left translating dx’, which is linear [5],

f dx'=dx"(0Lf)

Oi(fe)=(0if}0g) kX5 = Ox’
0y, are real numbers (see equation (13)) and the repeated Latin indices are summed
over 1,2, when g- 1, then O, - 8;5, and dx’ commute with £

(15)
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In the above, it is pointed out that in the ordinary guantum group theory, we,
generally, do not discuss the problem concerning to the ‘non-commutative’ differential
equations and their solutions. However, in the present non-commutative analysis there
is the problem of how to find the solutions of a g¢-differential equation. For example,
to find a g-analytic solution /9 of g-differential equation

P(f%,8:7%,8,f%...)=0 (16)

means that the following two steps are completed:

(i) We can substitute £ = s,x°y? and 9, f? = g**[a]s.gx*"y?, etc. into (16), and
put the results in order. Let the coefficient of each monomial x*y® (e, 8=0,1,2,...)
be equal to zero, then some algebraic relations among s,,’s are obtained. This means
that the g-differential equation (16), in fact, is an algebraic requirement adding on the
g-sequence 87 ={s,5}.

(it) when g1 (16) changes into an ordinary partial differential equation. Suppose
that there is a real analytic solution f = A,x“y®, therefore let the limit of 5% be the
real number set A={A.,z} as g-1. Of course, here we already suppose that the
corresponding real analytic solution, indeed, exists; conversely, if there is not any real
analytic solution, then the above non-commutative analytic method loses efficacy.

As an example, we consider the g-differential equation

@1V +(f1)’-1=0. (17)

According to (i), we can obtain a g-analytic solution f9=s,,x°y®, where in the
g-sequence §%={s,4}, besides the commutation relations given by (7), there is the
following algebraic relation

QZN"E(“"”[&][?]SwSaB - X q-ﬁysaﬁsvﬁ =0. (18)
aty=M+2 aty=H
PR B+EuN

As for the limit £, for instance, we can take
. B o0 (_1}rxx2a-,ﬂ+]y;9 ) N )

j"—sm(x-l—y)—w;=0 BB

Therefore, when g1,

{bqf [@r+g+1)1p1™" when o+ =2I"-1

Saﬁ-’/\aﬂ =
0, wheno+5#2I'—-1 (19)
(r=0,1,2,...).

Now we enter into the discussion about quantum group gauge fields. Let $% = {xa,g}‘

and §% ={Y,z} be two g-sequences, among which the commutation relations are
9P XapXys = 4 X0 Xop G YapYys =4 Yys¥ag (20)
q-ﬂTXaﬁ Y’r& — ql--cs Y-yBqu

(no summing for the repeated indices). Therefore the g-analytic functions X (x, y) =
X,ex°y® and Y{x, y)= Y,sx"y” obey the commutation relation
XY=gYX (21)

this means that a quantum plane A}° is constructed again by X and Y. However, it
is different from the ordinary non-commutative geometry [1] where the higher terms
of x and y have to appear in X and Y. Here x and y are more like the movable
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coordinates of a two-dimensional analytic surface in mathematics. Thus the mapping
(x, )= (X, Y} can be explained as a ‘nonlinear transformation’ of the quantum plane
Aquo. Next we consider the g-sequence 57={T,s} as follows:

Tp= (gﬂﬁ gﬂﬂ) (Aqa, Boo, Coo, Do # 0) (22)
af a8
the commutation relations are
9 P"AspBys=q'"""BysAup q7?"AChs =" ""C\sAup
4 "BapCys =g *"CysBag g ""BagDys =q' " DysBup (23)

g™ CopDys =g """ DysCap

4 " AugD1s =@ *°DysAug = (=47 ")q F"B,pCls
and

q-ﬂ?q’a,ﬂtb'y& = q-wsq)?ﬁ\l’aﬁ

T=A B C,D d=XY
where in (23) and (24) the repeated indices are not summed. Let A = A(x, y) = A,x°y",
and B = B(x, y)= B,zx"y", etc, then it is easily seen that the g-analytic functions A,
B, C and D obey the same commutation relations as in (4), and (A, B, C, D) pairwise
commute with (X, Y. This means that with respect to X and Y we have

T(x,y)= ( 2 g) e GL,(2). (25)

However, it is different from the ordinary quantum group theory where the coordinates
x and y are contained in T. Therefore T(x, ¥) is a locally linear transformation of the
quantum plane Af,"’. In addition, it is easily verified that the ‘constant part’ of T is
just an ordinary T as in (3},
AOO BDD) ’
T, =( € GL,(2). (26)
*"\Cp Dy .

In a gauge field the Lie algebras will be used. However the ordinary quantum
groups are ‘constant’, their Lie algebras, as in the results of [8], are also ‘constant’.
Therefore, in the first place, the Lie algebras of the quantum group must be ‘localized’.
Let $7={(E)ue} (i=1,2 and &, $=0,1,2,...) be a matrix g-sequence, where each

(E:)ap is a matrix
(w:)aﬁ (w?)aﬂ)

(Ei)as =((w:).,ﬁ (©)es
(W?)oo;‘éﬁ (¢=132, +s _)'

The commutation relations, in which the translation operator O}, is used, between the
g-sequence S% and the g-sequence S% are taken as

(O:(Aaﬁ)(m:)yb = 41+M-a5(w;t)ysAaﬁ
(O Cap)@i)ye =477 (07)46Cup
(O;‘Aaﬁ)(w;c)yﬁ =qz+py_a8(wi)ysAaB
(O:‘Aap)(w?c)-ys = qm_“s(w?)wAuﬁ
(O:‘Caﬂ)(m}C)‘yﬁ = q-2+ﬁy-a6(‘”})ysca,e
(0F Cop)@ic)ys = 47 (07} 16Cup

(24)

(27)

(28)
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and again (A, C)-> (B, D) gives the remaining relations. In addition, there are the
following commutation relations in E,

4 P70/ (0])as (@) 15+ 470 (07)5" (@k)as = 0
q_ﬁyof(w?)a,a' (wi)yst qz_aso;((wi_)ys' (wI)ap =0
q"“”Oj‘(w?)ag ’ (w;c)'yﬁ + ‘112_080}(@})75' (w:)aﬁ =0
g P70 (0 )ap (03)3s + 37720 (01),15° (@3 )0p = 0.

In fact, the above relations in (28) and (29) guarantee that just the following localized
commutation relations hold:

(29)

00+’ =0 Q0 +4°0°0 =0 30
0*0'+¢70'0% =0 0°0’+0%0* =0 G0
where Q% =dx wf+dy 0f, 0 =(w?®).x"y?, (¢ =1,2,+,— and i=1,2), and
AQ' = 70'A AP =07A
(31)

Cﬁ‘=:;—5ﬂ’c cC*=0C.

The remaining relations are given by (A, C}- (B, D) again. Equations (30) and (31)
mean that the matrix
1 + 1 +
_ i _ if @i W; - (93 1 )

E=dx E,-—dx( - mf)“(n- P (32)
belongs to the Lie algebra of GL,(2) [8]. However, since @{ contains the coordinates
x and v, E{x, y) is localized. If (m?)aﬁ =( for e, =1, then they return to the resulis
in[8].

Now according to (21) and (24}, the g-analytic function pair V= V{(x, y} = (X (x, y),
Y(x, y}) can be explained as a g-vector field on the quantum plane AZ°, and T(x, y)
represents a local GL,(2) gauge transformation

V- \7=TV (33)

In this letter we want to construct a ¢ deformation field theory with this local gauge
symmetry, For this purpose, we define the g-covariant differential calculus & by

@=d+E (34)

where E is the Lie algebra of quantum group GL,(2) described as in (27)-(32). The
covariance means the requirement '

G(TV)=T(DV) ie. (d+E)TV)=T(d+E)V. (35)
From this we obtain that the gauge transformation of E is .
E->E=TET ' —(dT)T"". (36)

where E =dx’E;, E; (=1, 2) is a g-analytic function matrix as in (32), it is the GL,(2)
gauge field (or gauge potential). Therefore we can write

@"—'dxi V,- V,-=8,-+E,. (37)
V, can be called the g-covariant derivative. However, the meaning of the covariance is
V(TV)=(O}T)V,V (38)
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where Of is the left translation operator defined by {15). Therefore the gauge transfor-
mation of V is

V.V (0T, T, (39)

As for the gauge field intensity F,,, we find that it may be constructed as follows.
In the first place, let ®¥ be the operator right translating dx’, which is defined by

dx' v, =(®¥V,) dx™ (40)
and
RV =R (3, +E,)=PLa.+QLE, (41)

where Q, is the operator right translating dx’ through a g-analytic function by using
(13), and Pi, is the operator right translating dx through 3, of which the concrete
expressions are given in [5]. Obviously, Q = O~" and we have

dx'f =(Qif) dx*

Qix* = Qix’

Qu(fe)=(Qnf )(Qig)

QnO"=07"Q,, =
where Qj. are real numbers which are determined by (13), and 1 is the identity operator.
By using the above symbols, the GL,(2) gauge field intensity F;; is defined as

(42)

-F;)=a:(Q_:cEk)_aj(chEk)+[En J]Q (43)
where [,]o is a deformation Lie bracket

[En ‘E:r]Q=E:(QfEk)_E(QkEk)' (44)
F,, is an anti-symmetric, F,; = —F}, it has only one essential component, i.e. F; or

F,,. By using (40)-(44) and a d:rect calculation, it can be proved that the gauge
transformation of F; is

F;; »F;—(O" T)Fm(QFT7H). (45)
However, the simplest way is that F,, can be written as
F;=VJ{(Q E,)-V,(Q{E) (46)

then the correctness of (45) is easily seen from (36), (39) and (42). Since Q¥ - 8¢-1
as g-> 1, F;; changes into the ordinary gauge field intensity as g 1.

F;, describes a non-commutative quantum deformation field. Now, we consider the
source-free field equation and its solutions. Equations

V.F,;=0 j=1,2 (47)
in fact, contain only two non-zero equations, i.e.
WF=EF;; 0:F 2= ExFy3. (48)

In order to obtain the solutions we, in the first place, must calculate the concrete results
of the operator Q. From (13) and E; = (E;).zx"y", we have

dxE, = (Ei)‘,,ﬂq'““'ﬁx"‘y‘ﬂ dx

(49)
dy B, =(E)eelg' ™ (1 - ¢**)x*y** dx+ ¢~ *x"y* dy]
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therefore
Q¥ By, = (Eupd > PxpP + (E2)opg’ 2P (1— g** )x*~1pPY!
QR By = (Ey)apq ™ " Px"y".

We substitute (50) into (43), (44) and (48), and after through a careful calculation we
can obtain the concrete algebraic relations in the g-sequence S%={(E;).,}, however
they are more lengthy in form. As an example, here we write explicitly its null gauge
field solution as follows. From the null field

F12=0 -

(50)

Le.
q_a[a](Ez)aﬁxa_[J’ﬁ - q_h—ﬁ[ﬁ](EL)a,ean’B_]
=g P (1= ) BH 1N Eo)apx ™ y* + g7 PV (E))opx ™ T yP Y
- qwzy-s'ﬂ?(ﬁ‘z)a,&(El)ysxaﬂyﬂw
+ qlwsypﬂ%ﬁs(l - 427){Ez)a3(El)ysxaﬂ_]}’ﬁ” '=0 (51)
we obtain the algebraic relation in $7
x q—y_zs_ﬁy(El)a,B(Ez)ys

axt+y= MM
B+8=N

+ E q:+3+37+8—ﬂ7(1 — q—z")(EJaﬁ (Ez)'rf'
aty=M-+1
B+8=N+1

=q I TMNEN + 11(E\) mn+1
(@M AT Y (- NI By (52)

where the integers M, N=0,1,2,.... As for the limit as g 1, we only need to take

¢(i=1,2and ¢ =1, 2, +, —) as the ordinary real functions, and to seek a real analytic
solution A;=[A{] of the following common first-order partial differential equation
(such A; exists)

—Az—— A+ A A —ACA =0, (53)
ax
Therefore we make E;= A, or 0? >A% as g> 1.

In summary, in order to describe some nonlinear and non-commutative fields, a
quantum group gauge field theory is necessary and possible. In this letter the above
discussion is just such a scheme. In addition, by use of the Yang-Baxter matrix terms
the above results can be extended to the case of complex multiparameter and higher-
dimensional quantum group; also to the direct product quantum groups [9], etc. These
and some possible applications will be discussed by us elsewhere.
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